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Abstract

The notion of fractional Fourier transform (FrFT) has
been used and investigated for many years by various
research communities which find widespread
applications in many diverse fields of research study.
The potential applications include ranging from
quantum  physics, harmonic analysis, optical
information processing, pattern recognition to varied
allied areas of signal processing. Many significant
theorems and properties of the FrFT have been
investigated and applied to many signal processing
applications, most important among these are
convolution, product and correlation theorems. Still
many magnificent research works related to the
conventional FrFT lack the elegance and simplicity of
the convolution, product and correlation theorems
similar to the Euclidean Fourier transform (FT).

Convolution theorem states that the FT of the
convolution of two functions is the product of their
respective FTs. The purpose of this study is to devise
the equivalent elegancy of convolution, product and
correlation theorems as in the case of Euclidean FT.

Building on the seminal work of Pei et al’ and the
potential of the simplified fractional Fourier transform
(SmFrFT), a detailed mathematical investigation is
established to present an elegant definition of
convolution, product and correlation theorems in the
SmFrFT domain, along with their associated important
properties. It has been shown that the established
theorems along with their associated properties very
nicely generalize to the classical Euclidean FT.

Keywords: Convolution theorem, Correlation theorem,
Digital signal processing, Fractional Fourier transform,
Fourier transform, Nonstationary signal processing, Product
theorem.

Introduction

As it is well-known that the FT is one of the best and most
valuable tools used in signal processing and analysis for
centuries. It finds its diverse application areas in science and
engineering.!? The fractional Fourier transform (FrFT) is a
generalization of the Euclidean Fourier transform (FT)
which has found to have several applications in the areas of
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optics and signal processing.® It leads to the generalization
of the notion of space (or time) and frequency domains
which are central concepts of signal processing.**2

It is defined via an integral as:
T [x(0)] = X (uy) = [ x(®OK,(t,u,)dt 1)

where the transformation kernel K, (¢, u,,) of the FrFT is
given by:

Kp(tup) =

f\/il'fz;:”’exp [é (up? + t2) cot ¢ — juytcsc ¢] ifp #nm,(n=10,12,-)

i 8(t —uy)ifo = 2nm, (2)
{ 8(t+uy,)ifep=Cn+Dn

where ¢ indicates the rotation angle of the transformed
signal in the FrFT domain.

When ¢ = /2, the FrFT reduces to the Euclidean FT and
when ¢ = 0, it is the same as the identity operation. It also
satisfies the  additivity property TP{TY[x(t)]} =
FY{T?[x(t)]} = TV [x(t)]. The detailed properties were
described by various authors.>4® Thus, it is a generalization
of the Euclidean FT and is regarded as a counter-clockwise
rotation of the signal coordinates around the origin in the
time-frequency (TF) plane with the rotation angle ¢.3%1012

As it is well-known that the FrFT is able to process non-
stationary or chirp signals better than the Euclidean FT, due
to the reason that a chirp signal forms a line or an impulse in
the TF plane and thus there exists a fractional transformation
order in which such signals are compact.'® Chirp signals are
not compact in the time or spatial domain.

Thus, one can extract the signal easily in an appropriate
(optimum) fractional Fourier domain, when it is not possible
to separate the signal and noise in the spatial or Fourier
frequency domain. It is this introduction of extra degree of
freedom which gives the FrFT a potential improvement over
the Euclidean FT.2

Researchers'4 have introduced various simplified forms of
the FrFT known as the simplified fractional Fourier
transform (SmFrFT). The reason for establishing the
SMFrFT is that they are simplest for digital computation,
optical implementation, graded-index (GRIN) medium
implementation and radar system implementation with the


mailto:sanjay.kumar@thapar.edu

Research Journal of Quantum Computations and Physical Systems

same capabilities as the conventional FrFT for designing
fractional filters or for fractional correlation. The SmFrFT
possesses a great potential for replacing the conventional
FrFT in many applications.

Pei et al'# established five types of SmFrFTs that have the
same capabilities as the conventional FrFT for the fractional
filter design or for fractional correlation and simultaneously
are simplest for digital computation, optical implementation
and radar system implementation. Thus, SmFrFTs have a
great potential to substitute for the conventional FrFTs in
many real-time applications.’21518 Another dominant
advantage that SmFrFT possesses over the conventional
FrFT is its less computational complexity as is evident.'4

In this study, the main focus is on Type 1 SmFrFT, because
it is simpler for digital implementation.** Many properties of
the FrFT are currently well-known'®2! including its
convolution, product and correlation theorems. However,
the convolution, product and correlation theorems for the
conventional FrFT%-2! do not generalize the classical result
of the Euclidean FT.12 As it well-known that the convolution
theorem of the Euclidean FT for the functions f(¢t) and g(t)
with associated Euclidean FTs, F(w) and G(w),
respectively is given.12

F
fO) ®g() o F(w)G(w) (©)
where F and ® denote the Euclidean FT operation and the
convolution operation respectively. This convolution
theorem can also be written as:

[, f@g(t = D)dr & F(@)G(w) 4)
Thus, the convolution theorem states that the convolution of
two time-domain functions results in simple multiplication
of their Euclidean FTs in the Euclidean FT domain—a really
powerful result. Similar is the case with correlation theorem
in the Euclidean FT domain for two complex-valued
functions:2

FOO9®) & F-w)6(w)

where F, © and () denote the Euclidean FT operation, the
correlation operation and the complex conjugate
respectively. This correlation theorem can also be written
as:?

®)

w F o
J_Wf@yg(T + t)dr © F(—w)G(w) (6)
Thus, the correlation theorem states that multiplying the
Euclidean FT of one function with the complex conjugate of
the other function gives the Euclidean FT of their
correlation.
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However, the convolution and correlation theorem for the
conventional FrFT lack this simplicity and elegancy in the
analytical result.®®2! Various researchers?>?’ in the
fractional signal processing society have developed different
modified versions of these theorems in the FrFT and linear
canonical transform (LCT) domains by utilizing the
conventional definition of their transforms. But, still there
exists a room for its improvement to reflect upon the
elegancy and the simplicity of the theorems.

In this study, convolution, product and correlation theorems
are proposed based on the simplified FrFT, which preserves
the elegance and simplicity comparable to that of the
Euclidean FT, which finds widespread applications in
various allied research areas of signal processing.'>'’ The
conventional convolution, product and correlation theorems
and its associated properties are shown to be special cases of
the derived results.

Preliminaries

The Simplified Fractional Fourier Transform: Definition
and Integral Representation: The simplified fractional
Fourier transform (SmFrFT) of the signal x(t) is represented
as:4

T x(0)] = X& (up) = [ x(®OKS (¢, u,)dt (7)
where
K5 (tu,) = \/% exp [—jtuq, + é t? cot go] 8)

Here, ¢t and u, can interchangeably represent time and
fractional frequency domains. The transform output lies
between time and frequency domains except for the special
cases of ¢ = 0 and ¢ = m/2 which belongs to FT domain.
Based upon (7), the SmFrFT can be realized in a three-step
process (fig. 1), as opposed to the conventional FrFT which
is realized by a four-step process as follows:

(i) pre-multiplication of the input signal by a linear chirp
with the frequency modulation (FM) rate determined by the
fractional rotation angle ¢ or the fractional transformation
order a, related by ¢ = an/2 with a € R;

(i) computation of the Euclidean FT (F);

(iii) post-multiplication by a complex amplitude factor.

The inverse SmFrFT is given as:'4

KO = (Lot [ ety ), ©)

where X7 (u,,) represents the SmFrFT of the input signal

x(t).
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Fig. 1: Simplified fractional Fourier transform
(SmFrFT) block diagram.

Convolution Theorem associated with SmFrFT
Theorem 3.1: For any two functions f, g € L(R), let F¢
and G;p denote the SmFrFT of f and g respectively. The
convolution operator of the SmFrFT is defined as:

FOHW® =" f@glt—1W,(r,t)dr (10)

where W,,(7,t) = /7@~ c0t® Then, the SmMFrFT of the
convolution of two complex functions is given by:

T © 93(wp) = i2mE (ug)G5 (uy)

Proof: From the definition of SmFrFT (7) and the SmFrFT
convolution (10), one obtains:

(11)

T @ g)(u,) = 5 LU O © g1 ettty (12)
T © 9)(up) = 7= [ I, F(Dg (e = DWey (z, e} /00038 200

(13)
For solving (13), letting (t —7) = ¢

TEf ® g}(uy,) =

Tl it
(14)

Rearranging and multiplying numerator and denominator of
(14) by 1/~+/2m, one obtains:

1 © ) =
\/;—foooog(() e—]'u<p§+£§2cot(pd( % \/’]2—7_[

j2mY—

(15)

By the definition of SmFrFT, the above expression (15)
reduces to:

T ® g}(u(p) = \/jZ_nFS(p(u(p)Ggp(u(p),

which proves the theorem in SmFrFT domain.

(16)

Special case: For the Euclidean FT, the rotation angle ¢ =
/2, then the expression (16) reduces to:

T f @ g3 (uns2) = VIZAF? (Un)2) 6o * (tr2) =
Ji2mFs(w)Gs(w) 17

(6) Qe 0t I o ot g
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This means that the proposed convolution theorem behaves
similar to the Euclidean FT i.e. the convolution in the time-
domain is equivalent to the multiplication in the simplified
fractional frequency domain except for the amplitude factor

\Jj2m and where u, /, = w.

Some properties associated with the convolution theorem in
SmFrFT domain are illustrated below:

Property 1 (Shift Convolution): Let f, g € L*(R). The
SMFrFT of Saf ® gand f ® S4g is given by:

T?{Sdf ® g}(u¢) — (_j27'[e_ju¢'d+%dz cot(pP;P(u(p _

d cot <p)Gs¢ (u(p) (18)
Ts {f @ Sag}(up) =
/jzne—fuwd%dz O PEL (uy)GS (u, — d cot @) (19)

where the symbol S, represents the shift operator of a
function by delay d i.e. Sgx(t) = x(t —d), d € R.

Proof: The shift convolution operator S, f ® g is given by:
Saf @ O®) = [7, f(x = d)g(t —DW,, (1,00 (20)
where W, (1, t) = e/*@=cote |t implies:

(Saf ® 9)(®) = [* f(r— d)g(t — 1)e/ - coteqr (21)

Now, from the definition of SmFrFT (7), one obtains:

T(Saf © 9)(up) = 5= S Saf () @ 9(6)) ettt ot gy (22)
Simplifying (22) further, one obtains:

1 o4} o
T51Saf @ 9}(up) = Ll f (T - gt -
7)elTr-0 ot gy} ¢ ite it 0ty gy (23)

To solve (23), letus assume (t —7) = p

1 o
T Saf © 9up) = 7= [ f (1=
d)e—ju,pr+%rz cote dt X f_oooo g(p)e—ju(pp+£p2 cot g dp
T Saf @ g}(up) = [, f( - d)e THeTHIT 0P o
GS(p(uQD) (24)

Further, by letting (t — d) = z and multiplying numerator
and denominator of () by ./j2m, one solves (24) as:

TS {Saf ® g}_(u(p) = '
1 e—juq,d+%d2 cot(pfjooof(z)e—j(uw—dcot<p)z+ézz cot<de X

Jizn
G (u,) x \Jj2m
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Tszp{Sdf ® g}(utp) — /_jzne—juwd+£d2 cot(png(u(p _
d cot ¢)G;0(u¢),

which proves the shift convolution property.

Similarly, for solving T%{f ® Sa9}(u,) and utilizing the
shift convolution operator of function f® S;g as
Jof(@g(t =T~ DWe(r,00dr  where W, (z,t) =
eJt(t=t) cot pand based on the previous steps, one obtains:

U ©Sa0)(u,) =
\/J'Zﬂe_ju‘”d%d2 RS (uy) Gy (up — d cot @),

which proves the shift convolution property in SmFrFT
domain.

(25)

Thus, (24) and (25) indicate that if we apply a linear time
delay to one signal in the time domain and convolve it with
the another time domain signal, then the SmFrFT of the
convolved signal is identical to the multiplications of the
SMFrFTs of the respective signals, except that one of the
signal has been shifted in the SmFrFT domain by an amount
dependent on the change in time shift in the time domain and
there is a multiplication with the complex harmonic
dependent on the time shift.

Special case: For the Euclidean FT, the rotation angle ¢ =
/2, then the expressions (24) and (25) reduce to:

Ty *{Saf ® g} (un/z) =
\ /jZﬂe_j”’T/ZdI“}n/z (un/z)GsZT/2 (4 /2)

i.e, F{Saf ® g}(w) = /j2me 19 Fs(w)Gs(w) (26)
T {f ® Sag}(iny2) =

Ji2me iun/ ZdFS”/ ?(uns2) Gy /2 (r/2)

i.e, F{f ® Sag}(w) = /j2me 1% Fs(w)Gs(w) (27)

This means that the proposed shift convolution property
behaves similar to the Euclidean FT as is evident from (26)
and (27) respectively.

Property 2 (Modulation Convolution): Let f, g € L1(R).
The SmFrFT of M, f ® g and f ® Mg is given by:

To{Mof ® g}(uy) = j2nF’ (up — a)GS (uy)  (28)
Ts(p{f ® ng}(u(p) = \/jz_”Fs(p(uw)Gs(p(ufp - q) (29)

where the symbol M, represents the modulation operator i.e.
the modulation by g of a function x(t), M,x(t) = el x(t),
q €ER
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Proof: The modulation convolution operator M, f ® g is
given by:

(Mof ® g)(®) = [ e/ f(D)g(t — DW,, (., t)dr  (30)

where VVCV(TJ t) = ejT(T_t) COt(p. It Implles
(qu ® g)(t) = fjooo equf(T)g(t — T)ej'r(r—t) cote qr
31)

Now, from the definition of SmFrFT (7), one obtains:

1

T?{qu ® g}(uw) = \/?foooo{mqf(f) ®

2w —
g(t)}e—jtuqﬁ%tz cot i, (32)

Simplifying (32) further, one obtains:

1

T (Mof © 93(g) = 7 [0 [ f@ 9~

, o . iz
jqt+jt(t—t) cot ¢ Jupt+st cot<pdet

2w~

T)e (33)

By letting (t — ) = v, (33) reduces to

s {Myf ® g}(u,) =

— 7 f@e” (up=a)r+i® ot g o

Jij2m Y~
;foooo h(v) e ItV OO gy, o Jj2m

j2m Y-

Simplifying further, one obtains:

TS {Myf ® g}(uy) = Jj2nE (uy, — q)G (),

which proves the modulation convolution property in
SmFrFT domain.

(34)

Similarly, for solving T2 {f ® M,g}(u,) and utilizing the
modulation convolution operator of function f ® Mg as
2, f(@eH1E P g(t = W, (r,t)de where W, (7,t) =
e/7@=t) cot and based on the previous steps, one obtains:

Fo{f ® Mygl(u,) = \/jZ_nF;p(u(p)G;p(uw - q),

which proves the modulation convolution property in
SmFrFT domain.

(35)

Thus, (34) and (35) indicate that if we apply a linear change
in phase to one signal in the time domain and convolve it
with the another time domain signal, then the SmFrFT of the
convolved signal is identical to the multiplications of the
SmFrFTs of the respective signals except that one of the
signal has been shifted in the SmFrFT domain by an amount
dependent on the change in phase in the time domain.

Special case: In case of FT, (34) and (35) reduce to (for ¢ =
m/2):
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Tg/z{qu ® 9}(tns2) = \/jz_”l:sn/z(un/z -
0)GE*(un/2) = J2mFs(w — q)Gs(w),

ie. F{M,f ® g}(w) = \/]'Z—ﬂFs(w - q)Gs(w) (36)
T Monos) = T )
q

F{f @ Myg}(w) = /j2nFs(w)Gs(w - q) 37)

This means that the proposed modulation convolution
property behaves similar to the Euclidean FT as is evident
from (36) and (37) respectively.

Property 3 (Time-Frequency shift Convolution): Let f,
g € L*(R). The SmFrFT of M;S,f ® g and f ® M,;Sag
is given by:

5 {MgSaf ® g}(u<p) =

J7zme oA OO R? (u, — g — d cot 9)GE (uy)
(38)

T {f ® Mqug}(u<p) =

Jizme Itz ot e g0 (3 )GE (u,, — q — d cot )
(39)

where the symbol S,; and M, represent the shift operator of
a function by delay d and the modulation operator of a
function by q i.e. for the function x(t), Syx(t) = x(t — d),
d € Rand M, x(t) = e/%x(t), q € R.

Proof: The time-frequency shift convolution operator is
given by:

(M;Saf ® g)@) = foooo e f(t—d)g(t — D)W (r,t)dr  (40)

where W,,,(t, t) = e/T@=0cote |t implies:

o)

(MySaf ® g)(©) = [ e/ f(r — d)g(t — 1)e/TT-Dcotegr (41)

The SmFrFT of (41) is obtained as:

T?{Mquf ® g}(u(p) = ﬁffm{mquﬂt) ®

g(t)} e—jtu¢p+%t2 cot(pdt (42)
Simplifying (42) further, one obtains:

1 co e
T {MoSaf @ g}up) = o Lo fr—d) gt~
T)ejq‘r+j‘r(‘r—t) cot (p—jtuq,+£t2 cotQ g de (43)

By letting (t — ) = ¢, (43) is simplified as:
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1 [e9)
Ts (MoSef © 9}(uy) = 752 [ f -
d) ejqr—ju¢r+£1'2 cottpdT x

T 9() eSS 0 ds x 2w (44)

2w~

Let (t — d) = &, (44) reduces to

T {MySaf ® g}(u,) = .
T L f () e tomamdcor)ingeotn g o x

e—ju¢d+jqd+£d2 cotg o quo(u¢) (45)

Thus,

T {MySaf ® 9}(u<p) =

\/J'Zire_j(”“’_q)‘ﬂéd2 OPES (up, — q — dcot )G (uy),
(46)

which proves the time-frequency shift convolution property
in SmFrFT domain.

Similarly, for solving T2 {f ® M,S.g}(u,) and utilizing
the shift and modulation convolution operator of function
f ®MgSag as [ f(1)el1EDg(t — 1 — d)W,, (7, t)dr,
where W,,(t,t) = e/™*=tcot®and based on the previous
steps, one obtains:

Ts{f ® Mqug}(u(p) =
\/jZHe_j(”“’_q)d%dz PR (up)GS (up — q — dcot ),
(47)

which proves the time-frequency shift convolution property
in SmFrFT domain.

Special case: In case of FT, (46) and (47) reduce to (for ¢ =
w/2)

T/ M, Saf ® 9)}(tnsz) =
,/jZne_j(”’T/z_q)dan/z (un/Z - CI)G;T/Z (un/Z)’

ie. F{M,Saf ® g}(w) = /j2me /@ DIF (0w —
q)Gs(w) (48)
TTSI/Z{f ® qudg}(un/Z) =

Jizme 2= DA (u )6 (s, — q)
i.e F{f ® M;Sag}(w) = \j2ne 7 ©-DeF (w)Gs(w — q)
(49)

This means that the proposed time-frequency shift
convolution property behaves similar to the Euclidean FT as
is evident from (48) and (49) respectively.



Research Journal of Quantum Computations and Physical Systems

Product Theorem associated with SmFrFT
Theorem 4.1: For any two functions f, g € LY(R), let FZ,
Ggp denote the SmFrFT of fand g respectively. We define the
product operation associated with SmFrFT as:

2(t) = FOFOW, (D) = F(D)g(t)es ©t® (50)

where W, (t) = et % Then, the SmFrFT of the product
of two functions is given by:

TEz(0)} = TL{f(OgOW,(0} = |ZE(u,) * 6¢ (u,) (51)

Proof: The function z is in L*(R) and thus its SmFrFT is
given by (7). To compute T¢{z(t)}, express the function
z(t) in terms of its SmFrFT, as follows:

(0 = 2§ (u) = |
Tl OgOW ) e et o g =

(F(0)} gOW, (£)e To*5t* ot e gy (52)

1 o
Tz e
s {z(0} = 23 (u,) =

1 o _j Je2 i i o
et [Lotiens 2 ot () av, gm0

. e - . _ itzcotqo
Simplifying further and using W,(t) = ez , one
obtains:

Ts(p{z(t)} = Z;p(u<p) =
1 oo —7 — i 2

Ef-we J(up=vy)t+3t wt‘pg(t)dt x

= B (vp) dv,, (53)

Solving (53), one gets the following analytical expression:

TELz(0)} = 28 (uy) = |2 [ K (v,) GF (uy —
)i, = (LR )+ ()

which proves the product theorem in SmFrFT domain.

(54)

Thus, the product theorem in SmFrFT domain states that the
SmFrFT of the product of two functions is obtained by
conventional convolution between the SmFrFTs of the two
functions.

Correlation Theorem associated with SmFrFT
Theorem 5.1: For any two complex-valued functions f, g €
L*(R), let F, G denote the SmFrFT of f, g, respectively.
We define the correlation operator of the SmFrFT as:

(FOG®) = [7. F@)g(t + DWer (r, e (55)
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where W,,.(t,t) = e/Tt+1)c0t @ Then, the SMFrFT of the
correlation of the two complex-valued functions is given by:

Tf{f@g} = \/jz_”F;p (_uzp)G.sfp(uzp)

Proof: From the definition of SmFrFT (7), one obtains:

(56)

1

O} = = (D@g(®) e e s wtodr
{05 = A= {7 gt +

W, (1, t)dr} o~ Jtup 5t ot gy (57)

For solving (57), lettingt + 7 =4

T {fOg} = ,
T 0 [ F @) gyeihotoe I AT 0t g (58)

Rearranging and noting that the complex-valued function
() = fi(t) + jf>(t), one obtains:

T @) = = [, f(D) o™ <t 0dr x
j2nGy (uy) (59)
where, G;D(u(p) = f_iog(/l) e—juq,,uégz cot ¢ (60)

Solving (60) further, one obtains:

O} = = [ A0 — @] 0 0 g
JiznGe (uy,) |
TS(p{f©g} = ;foo fi (1) e_j(_u(p)‘f‘f'%‘fz cot g«

Jizm e '
ViznGg (u,) _j\/%f_(:ofz (1) e I (p)TH3T c0t0 g
JiznGe (uy) (61)

Solving (61), one gets:

T {fOg} = \/jz_”Fls(p(_uw)Gs(p(ufp) —j\/jZ_ans“’(—u(p)G;p(uw)
or, TS {f@g} = \/jZ_rr[Fls“’(—u(p) —jF2¢ ()]GS (up) =
JTZREY (~u, )G (1) (62)

which proves the theorem.

Special case: For the Euclidean FT, the rotation angle ¢ =
/2, then the expression (62) reduces to:

15 (f©g} = Vi2nE* (<) G (tns2)

F{fQg} = Jj2nFs(-w)Gs(w) (63)

This means that the proposed correlation theorem behaves
similar to the Euclidean FT, except for the amplitude factor.
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Some properties associated with the correlation theorem in
SmFrFT domain are illustrated below:

Property 1 (Shift Convolution): Let f, g € L*(R). The
SMFrFT of S;f©g and f©S,g is given by:

T?{Sdf(@g}(u(p) — j27‘[€ju‘pd+£dz cot q)F;P(_u(p _
dcot )G (u(p) (64)
T OSagi(uy) =

\/1'21re_j’“"d+éd2 RS (—up)GY (up —dcot ) (65)

where the symbol S, represents the shift operator of a
function by delay d i.e., Syx(t) = x(t — d), d € R.

Proof: The shift correlation operator S;f©g is given by:

(Saf@I®) = [*.fx — gt + DOWe(r,dr  (66)

where W,,.(z,t) = e/T T+ cote |t implies:
(Saf@9®) = [7, f(x = d)g(t + DeS*T+Deotvdr (67)
Now, from the definition of SmFrFT (7), one obtains:

5 {Saf @9} (uy) =

J%fi{%f(t)@g(t)}e‘f“‘«’*%fz “redt (68)

Simplifying (68) further, one obtains:

TS0 (up) = 7= [ 17 (- gl +

s I 69

To solve (69), let us assume (t +7) = p

T?{Sdf@))g}(u(p)' sz_nf— f(r — d)e]uq;f+ ot g0 o
[ gQpye I arHap®eote gp (70)
TS f @) (uy) = 7. f(x — d)e/om 0te g x

Further, by letting (7 — d) = z and multiplying numerator
and denominator of (71) by /j2m, one solves (71) as:

T¢{§df ©g}(u<p) =

1271. ]u¢d+ d2 cot(pf f(Z) e](uq,+dcot(p)z+—z cot(pdz %

G;p(u(p) X . Jj2m

(72)
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Now, by letting the complex-valued function to be f(z) =

fi(@) +jf2(2), it implies f(z) = fi(z) —jf2(z) and
thereby further reducing (72), one obtains:

7 (Saf @g}(uy) =

\/jz_n_eju(pd+%d2 cot(pG(p(u(p) [‘/]27 f_ £(2) e}(u(p-fd cot(,o)z+ 272 ot g, _

]sz—nf fl(z) e}(u¢+dcot(p)z+ 122 cot (pd ] (73)

T‘p{Sdf@g}(qu)
- e G Ry~ deoc)
JjE(—u, — d cot )] '
Ts(p{Sdf©g}(uq)) — /jzn.e]'u(pd+%d2 cot(PG;o(uq)) X

F;o (—u(p —dcot <p) (74)

Thus,

Ts(p{Sdf©g}(uq)) — /jzn.e]'u(pd+£d2 COt(nga(—ihp —_

d cot 9)G¢ (uy), (75)

which proves the shift correlation property of the correlation
theorem in SmFrFT domain.

Similarly, for solving T¢{f@Sa9}(u,) and utilizing the
shift correlation operator of function f©@Su;g as
I f@g(t+1— W, (r,t)dr,  where, W, (1,t) =

e/t T+t cot9and based on the previous steps, one obtains:
Ts{f©Sag}(uy) =
\/}'27re_j”“’dJr%d2 RS (—uy )G (up — d cot ),

which proves the shift correlation property of the correlation
theorem in SmFrFT domain.

(76)

Special case: For the FT, the rotation angle ¢ = /2, then
the expressions (75) and (76) reduce to:

5/ 2{Saf © 9} (tn/2) =
\/12”e_ju"/2d1:sﬂ/2 (~tr/2)G/? (Ifn/z)

ie F{Saf@g}(w) = \[j2me T Fy(—w)Gs(w) (77)

T2/ 2 {f @S9} (tn/2) =
\/12”e_ju"/2d1:sﬂ/2 (~ttr/2)G'? (Ifn/z)

i.e F{f@©Sq9}(w) = Jj2me T4 F(—w)Gs(w) (78)

This means that the proposed shift correlation property
behaves similar to the Euclidean FT, as is evident from (77)
and (78) except for the amplitude factor.
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Property 2 (Modulation Convolution): Let f, g € L*(R).
The SmFrFT of M, f@g and f@M, g is given by:

(M, @) () = JZRES (—up — 4)6L (1) (79)
T{FOM,g)(p) = TZRES (—uy)GE (up — @) (80)

where the symbol M, represents the modulation operator,
i.e. the modulation byq of a function x(t), Myx(t) =
elitx(t), q € R.

Proof: The modulation convolution operator M,f@g is
given by:

[0 9]

(M f©g)(®) = [~ ST F(D)g(t + DWe(r, O)dT  (81)

where W,,.(z,t) = e/7 T+ cote |t implies:

o8]

(Mg f@g)(®) = [, e/ f()g(t + 1)e/" T+ 0t P4z (82)
Now, from the definition of SmFrFT (7), one obtains:

{1,/ 0g)(1,) =

= [ Mo f(D@g (0} e i ot 0 gy )

Simplifying (83) further, one obtains:

1

TS Mof@g}(up) = 7 [0 L f@ gt +

) ejqr+j1:(1:+t) cot (p—juq,t+£t2 cote ot (84)

By letting (t + 7) = v, (84) reduces to:

T?{qu@g}(u(p) =

— ffooof(r) el (upra)rHseicoto g o

Jij2m ‘
T [T hw) e e O ey x 2w

Simplifying further, one obtains:

T?{qu©g}(u¢,) = ijnF;p(_uw - q)G;p(uw), (85)
which proves the modulation correlation property of the
correlation theorem in SmFrFT domain.

Similarly, for solving T2{f@M,g}(u,) and utilizing the
modulation correlation operator of function f@M,g as

fjowf(r)ejq(f+7)g(t + 1)W,,.(t,t)dt, where W,.(t,t) =
eJT(T+t) cot 9and based on the previous steps, one obtains:

T{FOM,g)(p) = TZRES (—up)GE (up — @), (86)
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which proves the modulation correlation property of the
correlation theorem in SmFrFT domain.

Special case: In case of FT, (85) and (86) reduce to (for ¢ =
m/2)

Ty (Mo f©9)(tn/2) = 720 E " (= tiy2 —
9)65"* (uny2) = \J72rFs(—w — 9)Gs(w),

ie., T{qu©g}(a)) = \/jZ_nFS(—w —q)Gs(w) (87)

Tg/z{f@ng}(un/Z) = fzn%ﬂ/z(_un/Z)GSTr/z(uﬂ/Z —q)
F{fOM,g}(w) = |/j2nFs(~w)Gs(w — q) (88)
This means that the proposed modulation correlation

property behaves similar to the Euclidean FT, as is evident
from (87) and (88) except for the amplitude factor.

Property 3 (Time-Frequency shift Convolution): Let f,

g € L'(R). The SmFrFT of M,S,f©g and fOM,S,g is
given by:

T2, S, f@g)(uy) = |T2me (o ML Ot 0 ES (3,

q—dcot9)G (uy) (89)
Tslp{f@)Mqug}(qw) =
\/jz_”e_j(u(p_q)ﬂédzCow%(p(_utp)as(p (up — q —dcot p) (90)

where the symbol S, and M, represent the shift operator of
a function by delay d and the modulation operator of a
function by q, i.e. for the function x(t), Sgx(t) = x(t — d),
d € Rand M,x(t) = e/9x(t), q € R.

Proof: The time-frequency shift correlation operator is
given by:

[ee]

(MSqf@g)(t) = [ e/ f(x — d)g(t + DW,.(z,t)dr  (91)
where W,,.(t,t) = e/T+Dcote |t implies:

(M,Saf@g)(®) = [7. &7 f(z — d)g(t +

T)ejr(r+t) cote qr N (92)

The SmFrFT of (92) is obtained as:
T {M;Saf©g}(up) = '
1 fmm{Mquf(t) @g(t)} e—jtu,p+%t2 cotg .

) (93)
Simplifying (93) further, one obtains:

1

T MeSafOg)(uy) = 7 L L =D gt +

. . . J,2
T)ejqr+]'r(r+t)cot<p Jtugp+t cotgud_[dt

2m Y~

(94)
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By letting (t + 7) = ¢, (94) is simplified as:

T¢{M¢Saf©g}(uy,) = J% [ fa-

. . J 2
d) e]q‘r+]uq,‘r+2‘r Cot(pdT %

= I g() MM O g x [T

j2m Y-

(95)
Let (t —d) = ¢, (95) reduces to

¢ {MySaf @9} (uy) = |
T [T f () e tomandcor s eotn g o x

i igd+Laz
e ]u¢d+]qd+2d cotg x G;p(u(p) (96)

Solving (96) further, by letting the complex-valued function
f(€) = f1(§) +jf2(£), one obtains:

Thus, T?{Mquf@g}(u(p) = jzne—j(uw—q)d%dzcat(pi_;;p(u(p _
q — dcot )G (uy), 97)

which proves the time-frequency shift correlation property
of the correlation theorem in SmFrFT domain.

Similarly, for solving T¢ {f @M, S19}(u,,) and utilizing the
shift and modulation correlation operator of function
fOMSqg as [ f(D)e 1D g(t + 1 — )W, (7, t)dx,
where W,,.(t,t) = e/7(t*)cot¢ and hased on the previous
steps, one obtains:

Tf{f©Mq§d9}(lfrp) =
,/j2ne‘j(”‘/"q)d+%d2C"“"Ig"’(—u(p)Gs"’(u(p —q—dcotg), (98)

which proves the time-frequency shift correlation property
of the correlation theorem in SmFrFT domain.

Special case: In case of FT, (97) and (98) reduce to (for ¢ =

/2)

Tg/Z{Mquf@g}(_un/Z) =

Vj2me _j(u"/z_q)dl’}n/z (tnsz = q)Gg/z (tns2),

ie. T{Mquf©g}(w) = Jj2me 1@=DeE () — q)Gs(w)
(99)

T H{fOM,Sug)(itn/2) =

jzne—j(un/z—q)dpsn/z(_un/z)GSn/z (un/g _ q)

i.e F{fOM,;Sqg}(w) = \Jj2me @ DI Fy(—w)Gs(w — q)

(100)

This means that the proposed time-frequency shift
correlation property behaves similar to the Euclidean FT, as
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is evident from (99) and (100), except for the amplitude
factor.

Conclusion and Future Scope of Work

In this study, an elegant analytical expression of
convolution, product and correlation of two functions is
introduced in the simplified fractional Fourier transform
domain. The newly established convolution, product and
correlation theorems along with their associated properties
generalize very nicely the classical result of Euclidean
Fourier transform. The proposed approach offers the
following advantages. It has the added advantage of less
computational complexity* as compared to the conventional
fractional Fourier transform definitions which will be
beneficial for the reconfigurable implementation for
different signal processing applications.

As a future work, the sampling of the bandlimited signals in
the SmFrFT domain will be investigated based on the
derived convolution theorem, with the establishment of the
different formulae of uniform sampling and low pass
reconstruction. Further, the approach of simplified fractional
Fourier transform could be elaborated in the linear canonical
transform and other angular transforms which would prove
to be an important mathematical tool for radar and sonar
signal processing applications along with the reconfigurable
implementation for viable signal processing applications.
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